Relativistic calculations of the second-and third-order contributions in magnetic field to the Zeeman splitting in boronlike ions are presented for the wide range of nuclear charge numbers Z = 6-92. The interelectronic-interaction correction of the first order in 1/Z is evaluated to all orders in αZ. The higherorder corrections in 1/Z are taken into account approximately by means of effective screening potentials.
I. INTRODUCTION
Investigations of the g factor of highly charged ions can serve for stringent tests of the boundstate QED, the determination of fundamental constants and of nuclear parameters, see, e.g., Refs.
[ [1] [2] [3] [4] . Meanwhile, the precision of the g-factor measurements in Penning traps has reached the level of 10 −9 -10 −11 [1, [5] [6] [7] [8] [9] [10] . Achievement of the comparable theoretical accuracy requires consideration of the QED diagrams up to the second order in α, higher-order correlation contributions, and various nuclear effects, see Ref. [4] and more recent works [11] [12] [13] [14] [15] [16] [17] . The long-term combined experimental and theoretical efforts have provided the most accurate up-to-date value of the electron mass [18] [19] [20] . Recent measurement for two lithium-like calcium isotopes [21] is sensitive to the relativistic nuclear recoil effect indicating the potential to access bound-state QED effects beyond the Furry picture [14, 15] . Further investigations with few-electron ions can provide an independent determination of the fine structure constant [22] [23] [24] .
The nonlinear effects in magnetic field play an important role in boronlike ions [25, 26] . Due to the mirror symmetry, the second-order effect does not influence the ground-state Zeeman splitting in hydrogenlike, lithiumlike, and boronlike ions. However, it becomes observable in the Zeeman splitting of the 2 P 3/2 state of boronlike ions, which can be measured by the laser-microwave double-resonance spectroscopy [25, 27] . Moreover, the quadratic effect gives a tiny correction to the fine-structure transition energies, which are measured with an increasing precision [28] [29] [30] [31] .
The third-order effect contributes to the Zeeman splitting of any state, although in hydrogenlike and lithiumlike ions it is negligible at the present level of accuracy. In boronlike ions the nonlinear contributions are strongly enhanced due to the mixing of the fine-structure components.
The first high-precision g-factor measurement in boronlike ion was performed for Ar 13+ at the MPIK with the laser spectroscopy [32] . The ARTEMIS experiment at GSI implements the laser-microwave double-resonance technique to reach the ppb precision for the g factors of the ground 2 P 1/2 and the first excited 2 P 3/2 states in boronlike argon [25, 33] . The new Penning-trap experiment at the MPIK in Heidelberg, called ALPHATRAP [34] , primarily aims at the g factor of heavy few-electron ions, including boronlike.
Since the discovery of the quadratic Zeeman effect [35, 36] numerous experimental studies in atoms and molecules have been accomplished [37] [38] [39] [40] . The nonlinear Zeeman effect is important in astrophysics due to the strong magnetic field at the stellar objects [41] [42] [43] . It is also relevant for atomic clocks, magnetometers and other high-precision experimental setups as a source of the systematic shifts [40, [44] [45] [46] .
The relativistic theory of the second-order effect was developed, e.g., in Refs. [47] [48] [49] [50] [51] [52] . However, much less results are available for the third-order contribution, apart from the all-order calculations [53] [54] [55] [56] . Most of these investigations were devoted to hydrogen and hydrogen-like ions. In our recent study [57] the leading-order interelectronic-interaction and QED corrections to secondorder Zeeman splitting have been evaluated for boronlike argon. Relativistic calculations of the cubic effect have been performed in Ref. [58] for hydrogenlike, lithiumlike, and boronlike ions.
The results obtained within the independent-electron approximation utilizing different screening potentials have shown the need for the rigorous treatment of the interelectronic interaction. In the present paper, we evaluate the one-photon-exchange correction to the second-and third-order
Zeeman effects for the ground 2 P 1/2 and the first excited 2 P 3/2 states of boronlike ions for the range of nuclear charge numbers Z = 6-92. An efficient numerical method is developed to treat the contributions of arbitrary order in the magnetic field. The calculations are exact to all orders in αZ in the zeroth and first orders in 1/Z, and partially include higher orders in 1/Z by the use of the screening potentials.
The relativistic units ( = 1, m e = 1, c = 1) and the Heaviside charge unit (α = e 2 /(4π), e < 0) are used throughout the paper.
II. DESCRIPTION OF THE METHOD

A. Zeeman effect
We consider a five-electron ion in the ground [(1s) 2 (2s) 2 2p] 2 P 1/2 or in the first excited
In the presence of an external magnetic field B the energy of an individual level |A = |J, M J with the total angular momentum J and projection M J can be written
where each term ∆E
(k)
A (B) is proportional to B k . The first-order Zeeman effect is expressed through the g factor,
∆E
(1)
+2nd order +3rd order where µ B is the Bohr magneton. The analogous dimensionless coefficients for the second-and third-order Zeeman effect can be defined as [25] ∆E (2)
Due to the symmetry relation g (2) (−M j ) = g (2) (M j ), the second-order term does not contribute to the ground-state Zeeman splitting in hydrogenlike, lithiumlike, and boronlike ions. However, it alters the Zeeman splitting of the 2 P 3/2 state and the fine-structure interval. For the third-order term we have g (3) (−M j ) = −g (3) (M j ), so it contributes to the Zeeman splitting for any state and can be considered as a field-dependent correction to the g factor. The scheme of the individual levels for both 2 P J states presented in Fig. 1 demonstrates the influence of the first-, second-, and third-order effects.
Within the independent-electron approximation, the Zeeman splitting for the ground 2 P 1/2 and the first excited 2 P 3/2 state of the boronlike ion is determined by the valence electron only. Let |a and ε a be the wave function and energy of the valence electron in the 2p j state, |b and ε b be the 1s or 2s core-electron wave function and energy, in the absence of external magnetic field. These unperturbed single-particle wave functions and energies are determined by the Dirac equation,
and similar for |b and ε b . Here α and β are the Dirac matrices, V nuc (r) is the nuclear potential, V scr (r) is the effective local screening potential employed to describe the interelectronic interaction within the independent-electron approximation.
The interaction with the external homogeneous magnetic field B is described by the operator
Assuming that B is directed along the z axis, we rewrite this as
It is convenient now to use λ as the expansion parameter of the perturbation theory.
The exact wave functions |ã and energiesε a in the presence of magnetic field satisfy the following Dirac equation,
and similar for |b andε b . Within the perturbation theory with respect to V m , they are given by the
and
Here |n are the unperturbed wave functions from the spectrum of the Dirac equation (5) . Zerothorder term is the unperturbed energy, ε
a = ε a , and the first-order term is related to the g factor: ε
(1) a = gM J . While Eq. (8) determines the so-called Dirac value of the g factor, there are various corrections due to the interelectronic-interaction, radiative, and nuclear effects (see, e.g., Refs. [2, 4] for a review). The second-order term ε (2) a yields the leading contribution to g (2) , which we denote as g
a . There is also a nonzero contribution of the closed-shell electrons to g (2) , which is independent of the valence-electron state, so it influences neither the Zeeman splitting, nor the fine-structure splitting of the 2 P J states under consideration. For this reason, we neglect it in the present work as was done in Refs. [25, 26, 57] . The third-order term, g
0 ≡ ε
a , has no closed-shell counterpart.
B. Perturbation theory
In order to evaluate efficiently the higher-order contributions, we use the recursive representation of the Rayleigh-Schrödinger perturbation theory [59] . Insertion of the expansions (9) and (10) into the Dirac equation (8) and separation of the terms of given order k lead to the following recursive system of equations for the coefficients ε
with the initial values,
Equation (13) is the consequence of the normalisation condition ã|ã = 1. All the formulas presented for the energyε a and the wave function |ã of the valence-electron state can be rewritten for the closed-shell states as well. One can easily check that this recursive system leads to the well-known expressions for the leading terms, The summations marked by the prime here run over the complete spectrum excluding the equalenergy states that yield the vanishing denominators.
The key advantages of the recursive representation over the standard formulas are the universality and the computational efficiency. This method was used in Ref. [56] to find the higher-order contributions to the Zeeman and Stark shifts in hydrogenlike atoms, and the perfect agreement with the all-order A-DKB method was demonstrated. In Ref. [60] this method has been generalized to evaluate the higher-order contributions of the interelectronic interaction in few-electron ions.
Obviously, the kth-order correction ε (k) a can be found as the derivative ofε a with respect to λ:
Below we employ the generalization of this formula to the matrix elements of some operator in order to find the one-photon-exchange correction to g (k) .
C. One-photon-exchange correction
The results for the third-order Zeeman effect in boronlike ions obtained in Ref. [58] with by the expression,
where the summation runs over the core states (1s and 2s with angular momentum projection +1/2 and −1/2), the electron-electron interaction operator I in the Feynman gauge reads
and ω ab = ε a − ε b . The last term in Eq. (19) is due to the inclusion of the screening potential into the Dirac equation (5) . In the presence of magnetic field the one-photon-exchange correction should be evaluated using the wave functions |ã , |b and the energiesε a ,ε b ,
whereω ab =ε a −ε b . As well asε a andε b , the correction ∆ε a is the function of λ and includes the contributions of all orders in magnetic field. Now the corresponding correction to the Zeeman effect of the order k can be found by differentiating ∆ε a with respect to λ,
Explicit evaluation of this expression for k = 1 leads to the formula for the one-photon-exchange correction to the g factor, presented, e.g., in Ref. [61] , where it has been calculated for lithiumlike ions. The corresponding correction for the second-order Zeeman effect in boronlike ions has been calculated in Ref. [57] according to an explicit formula (not presented in that work), which is quite similar to the one obtained for the nuclear magnetic shielding [62, 63] . The formula for ∆g (3) int,1 is even more lengthy. As an example, we present the irreducible part of the first diagram in Fig. 3 ,
We mention that, apart from the irreducible contributions of each diagram in Fig. 3 , there exist also numerous reducible contributions, including the terms with the derivatives of I(ω) up to the third order. The straightforward calculations according to these formulas are rather involved and time-consuming. In this work, instead of employing these formulas, we evaluate the one-photonexchange correction to the second-and third-order Zeeman effect according to Eq. (22). Below we discuss some details of the calculation.
D. Numerical implementation
As a first step, the finite basis set of the solutions to the Dirac equation (5) without magnetic field is constructed in the framework of the DKB method [64] based on the B-splines [65] . Then within the iterative procedure [Eqs. (11), (12), and (13)] the coefficients ε With the energiesε a ,ε b and the wave functions |ã , |b , the one-photon-exchange correction ∆ε a can be calculated according to Eq. (21) for arbitrary values of λ. The standard methods of calculation can be employed owing to the partial-wave expansion of the wave functions |ã , |b and of the interaction operator I(ω, r 12 ),
where the explicit formulas for g L can be found, e.g., in Ref. [66] . Since we are interested in the lowest-order terms (k ≤ 3) of the perturbation theory, the partial-wave summations are finite due to the well-known selection rules. The contribution of the one-photon exchange to the Zeeman effect of the order k is found by differentiation with respect to λ employing the finite difference method. The symmetric equidistant sets of points λ = −nλ 0 , ..., −λ 0 , 0, λ 0 , ..., nλ 0 with n = 3, 4
are used. Values of λ 0 are chosen so as to achieve stable results with respect to variation of n and λ 0 . Optimal values of λ 0 depend on the nuclear charge Z, the state |a , and the order k of the perturbation theory.
III. RESULTS AND DISCUSSION
We have calculated the leading contribution and the one-photon-exchange correction to the second-and third-order Zeeman effect for the 2 P J states in boronlike ions in the range Z = 6-92.
The contributions of the zeroth and first order in magnetic field are also obtained in the course of calculation and used to control the numerical accuracy. In order to account partly for the higherorder contributions of the interelectronic interaction and to estimate the corresponding uncertainty, we use five different screening potentials: core-Hartree, Kohn-Sham, Dirac-Slater, local DiracFock, and Perdew-Zunger. The description of these potentials can be found, e.g., in Refs. [67] [68] [69] [70] .
The relativistic approach employed is valid to all orders in αZ. In particular, the contribution of the negative-energy states, which is very important for the Zeeman effect, is taken into account.
A. Quadratic Zeeman effect
The total value of the second-order coefficient including the interelectronic-interaction correction is denoted as g
int , g
int = g
0 + ∆g
where g (2) 0 is the leading-order contribution and ∆g (2) int,1 is the one-photon-exchange correction. For evaluation of g (2) 0 and ∆g (2) int,1 we restrict the summations in Eqs. (9) and (10) to the values k ≤ 2. The leading-order contribution g (2) 0 is calculated directly by the recursive equations (11), (12) , and (13) . The one-photon-exchange correction ∆g (2) int,1 is obtained by numerical differentiation of ∆ε a with respect to λ as described in Section II D. In addition, we evaluate ∆g (2) int,1 in a straightforward manner by the explicit formulas, as it was done in Ref. [57] for boronlike argon. The values obtained in both ways are in perfect agreement.
The results for the 2 P 1/2 state of boronlike ions in the range Z = 6-92 are given in Table I .
The values of g
0 , ∆g
int,1 , and their sum g (2) int are presented for the different screening potentials. The spread of the results can serve as an estimation of the unknown higher-order contributions of the interelectronic interaction. One can see that the spread for g (2) int is significantly smaller than for g (2) 0 . This means that the first-order correction ∆g (2) int,1 accounts for the dominant part of the interelectronic-interaction effect. The corresponding results for the 2 P 3/2 state are given in Tables   II and III for M J = ±1/2 and M J = ±3/2, respectively.
In Ref.
[57] the one-loop QED correction to the second-order Zeeman effect has been calculated for boronlike argon, in addition to the one-photon exchange. So, the most accurate to-date value of g (2) for Z = 18 is presented in that paper, while the systematic calculations of the QED correction for a wide range of Z are presently underway.
B. Cubic Zeeman effect
By analogy with the second order, we evaluate the third-order coefficient g
int as the sum of the leading-order contribution g (3) 0 and the one-photon-exchange correction ∆g
In this case, the summations in Eqs. (9) and (10) are restricted to the values k ≤ 3. The leading term g
0 is evaluated within the recursive scheme, according to Eqs. (11), (12) , and (13), while the contribution of the one-photon exchange ∆g (3) int,1 is obtained by numerical differentiation of ∆ε a with respect to λ. We stress that the straightforward evaluation of ∆g 
int than for g
0 , so the prevailing contribution of the interelectronic interaction is taken into account.
The third-order Zeeman effect can be considered as a correction to the g factor scaling as B 2 ,
In Table VII we present the results for δg at the field of 1 Tesla based on the value of g
int obtained with the local Dirac-Fock potential. In order to find δg at the field of β Tesla the value from the Table VII has to be multiplied by β 2 . For example, in boronlike argon at the field of 7 Tesla (as implied by the ARTEMIS experimental setup) we find δg = 2.9 × 10 −9 for the ground state and δg = −2.9 × 10 −9 for the 2 P 3/2 state with M J = ±1/2. The third-order shift of the levels with 
0 , the onephoton-exchange correction ∆g (2) int,1 , and their sum g (2) int are given for different screening potentials: core-Hartree (CH), Kohn-Sham (KS), Dirac-Slater (DS), local Dirac-Fock (LDF), and PerdewZunger (PZ). 
0 , the onephoton-exchange correction ∆g
int,1 , and their sum g
int are given for different screening potentials: core-Hartree (CH), Kohn-Sham (KS), Dirac-Slater (DS), local Dirac-Fock (LDF), and PerdewZunger (PZ). 
int for the local Dirac-Fock potential is used. The g-factor correction δg at the field of β Tesla can be found with multiplication by β 2 . 
